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SUBGROUPS OF DIRECT PRODUCTS OF LIMIT GROUPS OVER DROMS RAAGS
JONE LOPEZ DE GAMIZ ZEARRA
Abstract. A result of Bridson, Howie, Miller and Short states that if S is a subgroup of type FPn(Q)
of the direct product of n limit groups over free groups, then S is virtually the direct product of limit
groups over free groups. Furthermore, they characterise finitely presented residually free groups.
In this paper these results are generalised to limit groups over Droms right-angled Artin groups.
Droms RAAGs are the right-angled Artin groups with the property that all of their finitely generated
subgroups are again RAAGs. In addition, we show that the generalised conjugacy problem is solvable
for finitely presented groups that are residually a Droms RAAG and that the membership problem is
decidable for their finitely presented subgroups.
1. Introduction
In 1984 Baumslag and Roseblade characterized finitely presented subgroups of the direct product
of two finitely generated free groups, showing that up to finite index they are themselves a direct
product of free groups. This result was generalized in a series of papers by Bridson, Howie, Miller
andShort, culminating in a characterizationof subgroups of thedirect product offinitelymany limit
groups over free groups, assuming that the subgroups satisfy suitable finiteness properties.
Limit groups over free groups generalize free groups, and theywere developedbyKharlmapovich-
MiasnikovandSela as a tool for studying solutions of systemsofpolynomial equations over groups.
When Baumslag, Miasnikov and Remeslennikov laid down the foundations of algebraic geometry
over groups, they showed that the study of a system of equations over G can be reduced to the
study of finitely generated subgroups of the direct product of limit groups over G.
The class of right-angledArtin groups (RAAGs) extends the class of finitely generated free groups,
by allowing relations saying that some of the generators commute. The present work is the first
in a series that aims to study the structure of finitely presented coordinate groups over RAAGs.
More precisely, following the work of Bridson, Howie, Miller and Short, our goal is to describe the
structure of subgroups of the direct product of limit groups over RAAGs. In this paper, we begin
by studying limit groups over Droms RAAGs. Droms RAAGs are those right-angled Artin groups
with the property that all of their finitely generated subgroups are again RAAGs.
We prove the following theorem:
Theorem 1.1. If Γ1, . . . , Γn are limit groups over Droms RAAGs and S is a subgroup of Γ1 × · · · × Γn of
type FPn(Q), then S is virtually a direct product of limit groups over Droms RAAGs.
We also prove that if a subgroup of the direct product of n limit groups over Droms RAAGs is not
of type FPn(Q), then there is a subgroup with an infinite dimensional homology group:
Theorem 1.2. Let Γ1, . . . , Γn be limit groups over Droms RAAGs. Let S be a finitely generated subgroup
in Γ1 × · · · × Γn and set Li = S ∩ Γi for i ∈ {1, . . . , n}.
If Li is finitely generated for 1 ≤ i ≤ r and not finitely generated for i > r, then there is a subgroup of finite
index S0 < S such that S0 = S1 × S2, where
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(1) S1 is the direct product of limit groups over Droms RAAGs,
(2) If n > r, Hk(S2;Q) is infinite dimensional for some k ≤ n − r.
Theorem 1.1 and Theorem 1.2 are the analogues of Theorem A and Theorem B of [9]. Following
the spirit of [9], we deduce both theorems from the following result. Recall that a subgroup of a
direct product is a subdirect product if the projection to each factor is surjective and it is full if it
intersects each factor non-trivially.
Theorem1.3. Let Γ1, . . . , Γn be limit groups over Droms RAAGswith trivial center and let S < Γ1×· · ·×Γn
be a finitely generated full subdirect product. Then either:
(1) S is of finite index; or
(2) S is of infinite index and has a finite index subgroup S0 < S such that H j(S0;Q) has infinite dimension
for some j ≤ n.
By [3], groups that are residually a Droms RAAG are precisely finitely generated subgroups of
the direct product of limit groups over Droms RAAGs, so Theorem 1.1 gives us the following
result:
Corollary 1.4. For all n ∈N, a group that is residually a Droms RAAG is of type Fn if and only if it is of
type FPn(Q).
In Section 10, we study finitely presented groups that are residually a Droms RAAG. In order to
state the result, we introduce the following definition: an embedding S ֒→ Γ0× · · · ×Γn of a finitely
generated group that is residually a Droms RAAG as a full subdirect product of limit groups over
Droms RAAGs is neat if Γ0 is abelian (possibly trivial), S ∩ Γ0 is of finite index in Γ0 and Γi has
trivial center for i ∈ {1, . . . , n}.
Theorem 1.5. Let S be a finitely generated group that is residually a Droms RAAG. The following are
equivalent:
(1) S is finitely presentable;
(2) S is of type FP2(Q);
(3) dimH2(S0;Q) is finite for all subgroups S0 < S of finite index;
(4) There exists a neat embedding S ֒→ Γ0 × · · · × Γn into a product of limit groups over Droms RAAGs
such that the image of S under the projection to Γi × Γ j has finite index for 0 ≤ i < j ≤ n;
(5) For every neat embedding S ֒→ Γ0 × · · · × Γn into a product of limit groups over Droms RAAGs such
that the image of S under the projection to Γi × Γ j has finite index for 0 ≤ i < j ≤ n.
The property FPn is inherited by finite index subgroups and persists in finite extensions. Nev-
ertheless, if H is a subgroup in G and H is of type FPn, it does not mean that G is of type FPn.
For example, Z is of type FP1 but an infinitely generated free group is not of type FP1. However,
when restricted to subgroups of direct products of limit groups over Droms RAAGs, it follows
from Theorem 1.5 that any subdirect product of limit groups over Droms RAAGs that contains
a finitely presentable full subdirect product is again finitely presentable. We generalize this as
follows:
Theorem 1.6. Let Γ1 × · · · × Γk be the direct product of limit groups over Droms RAAGs, where Γ1 is free
abelian and Γi is a limit group over a Droms RAAG with trivial center, for i ∈ {2, . . . , k}. Let n ∈ N \ {1},
S < Γ1 × · · · × Γk be a full subdirect product and let T < Γ1 × · · · × Γk be a subgroup that contains S. If S is
of type FPn(Q), then so is T.
2
In [8, Section 7] the authors solve the multiple conjugacy problem for finitely presented residually
free groups and the membership problem for their finitely presented subgroups. Their arguments
can also be used to prove them for the case of finitely presented residually Droms RAAGs. Thus, in
Section 10 we review their proofs and we explain why they can be used also for finitely presented
groups that are residually a Droms RAAG. That is, we show:
Theorem1.7. Themultiple conjugacy problem is solvable in every finitely presented group that is residually
a Droms RAAG.
Theorem 1.8. If G is a finitely presented group that is residually a Droms RAAG (given by a finite
presentation) and H < G is a finitely presentable subgroup (given by a finite generating set of words in the
generators of G), then the membership problem for H is decidable.
Finally, in [10], BridsonandWilton, by treatingfinitely presented residually free groups as subdirect
products of limit groups, show that finitely presentable subgroups of residually free groups are
separable and that the subgroups of type FP∞ are virtual retracts. Analogously, for finitely
presented residually Droms RAAGs the following holds (see Section 10):
Theorem 1.9. If G is a finitely generated group that is residually a Droms RAAG and H < G is a subgroup
of type FP∞(Q), then H is a virtual retract of G.
Theorem 1.10. If G is a finitely generated group that is residually a Droms RAAG and H is a finitely
presentable subgroup of G then H is separable in G.
2. Motivation and background
2.1. Algebraic geometry over groups. Classical algebraic geometry is concerned with the study
of algebraic sets, that is solutions of systems of polynomial equations S over a ring R. Each point
in the algebraic set defines a homomorphism from the ring of polynomials R[x1, . . . , xn] to the
ring of coefficients R. Using this relation, one can establish a one-to-one correspondence between
the algebraic set S, the radical ideal Rad(S) of the ring R[x1, . . . , xn] and the coordinate algebra
R[x1, . . . , xn]/Rad(S).
If one requires further conditions on the ring R (namely, ifR is Noetherian and an integral domain),
then every algebraic set is the union of finitely many irreducible algebraic sets. Irreducible alge-
braic sets correspond to prime ideals and so to coordinate algebras which are integral domains.
Therefore, the decomposition of the algebraic set into a finite union of irreducible components is
equivalent to the radical ideal being a finite intersection of prime ideals, which in turn corresponds
to the coordinate algebra being a finitely generated subalgebra of a direct product of coordinate
algebras of irreducible algebraic sets.
In [3], Baumslag, Miasnikov and Remeslennikov lay down the foundations of algebraic geometry
over groups, which bears a similarity with classical algebraic geometry. The motivation for the
study comes from the understanding of equations over groups. For that, the authors present
group-theoretic counterparts to algebraic sets, coordinate algebras, irreducibility and many other
concepts. Furthermore, they establish a correspondence between algebraic sets and coordinate
groups. They also characterise coordinate groups of irreducible algebraic sets in terms of their
residual properties; more precisely, they show that coordinate groups over a groupG are precisely
the finitely generated residually G groups. In addition, as in classical algebraic geometry, the
study of coordinate groups is equivalent to the study of finitely generated subgroups of the direct
product of coordinate groups associated to irreducible algebraic sets.
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Algebraic geometry over free groups has been developed by Sela and Kharlmapovich-Miasnikov.
In [22], [23], [24], Sela uses techniques from geometric group theory, low dimensional topology
and Diophantine geometry to give a description of coordinate groups of irreducible algebraic sets
over free groups (known as limit groups). They also have a robust algebraic structure that can
be described hierarchically in terms of their JSJ decomposition and from which one can deduce
strong properties such as finite presentability.
The general study of coordinate groups over free groups is then equivalent to the study of finitely
generated subgroups of the direct product of finitely many limit groups. Baumslag and Roseblade
started this work in [4] by describing subgroups of the direct product of two free groups. They
explored the difference between finitely generated and finitely presented subgroups. There is
no hope to classify finitely generated subgroups since the isomorphism problem is unsolvable.
However, there is a neat structure for finitely presented subgroups: if F1 and F2 are two finitely
generated free groups and S is a finitely presented subgroup in F1×F2, then S is free or it is virtually
the direct product of two free groups.
The study of the general case was performed by Bridson, Howie, Miller and Short in a series
of papers that culminated in [9] and [8]. In [9], the authors check that, under some finiteness
conditions that generalise finite presentability, coordinate groups over free groups (equivalently,
residually free groups) have a tame structure. More precisely, if Γ1, . . . , Γn are limit groups over free
groups and S is a subgroup of type FPn(Q) of Γ1 × · · · × Γn, then S is virtually the direct product of
limit groups over free groups. The authors also characterize finitely presented coordinate groups
in terms of their projections into pairs (see [8]). Shortly speaking, they prove that if S is a finitely
generated coordinate group and S ֒→ Γ1 × · · · × Γn is an embedding with Γi a limit group over a
free group, then S is finitely presented if and only if the image of S under the projection to Γi × Γ j
has finite index for 1 ≤ i < j ≤ n.
These structural results on finitely presented coordinate groups over free groups were essential to
study algorithmic problems. In [8] it is shown that the generalised conjugacy and the membership
problems, although undecidable for general coordinate groups over free groups, are decidable for
finitely presented ones.
2.2. Right-angledArtin groups. In recent years, RAAGs have been studied extensively especially
due to their rich subgroup structure. On the one hand, they are a source of subgroups with
interesting finiteness properties. In [5], Bestvina and Brady described subgroups of RAAGs that
are of type FP but not of type F. On the other hand, RAAGs have shown to be fundamental in
the study of 3-manifold groups. Agol proved that non-positively curved cubical complexes with
hyperbolic fundamental groups are virtually subgroups of RAAGs (see [1]). An essential step in
the argument is the result of Haglund and Wise that states that fundamental groups of special
cubical complexes are subgroups of RAAGs (see [20]).
Let us recall the definition of a right-angled Artin group. Given a simplicial graph X, the corre-
sponding right-angled Artin group (RAAG), denoted by GX, is given by the following presentation.
Let V(X) denote the vertex set of X. Then,
GX = 〈V(X) | if x, y ∈ V(X), xy = yx ⇐⇒ x and y are adjacent〉.
As mentioned above, subgroups of right-angled Artin groups have a wild structure. Not all
subgroups of right-angled Artin groups are again RAAGs. Carl Droms provided a condition for a
right-angled Artin group to have all its subgroups again of this type (see [17]): every subgroup of
GX is itself a right-angled Artin group if and only if no full subgraph of X has either of the forms
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C4 or P4 illustrated below:
C4
or
P4
This type of right-angled Artin groups will be called Droms right-angled Artin groups.
Given a class of groups, there is a natural way to construct other groups using operations such as
taking free products or adding center:
Definition 2.1. Let G be a class of groups. The Z∗-closure of G, denoted by Z ∗ (G), is the union of
classes (Z ∗ (G))n defined as follows. At level 0, the class (Z ∗ (G))0 equals G. A group G lies in
(Z ∗ (G))n if and only if
G  Zm × (G1 ∗ · · · ∗ Gn),
where m ∈N ∪ {0} and the group Gi lies in (Z ∗ (G))n−1 for all i ∈ {1, . . . , n}.
Notice that if the class G contains only right-angled Artin groups, so does its Z∗-closure.
In this terminology, Droms checked in [17] that the class of Droms RAAGs is the Z∗-closure of
Z.
2.3. Limit groups overDromsRAAGs. The analogue of theNoetherian condition in commutative
algebra in the context of algebraic geometry over groups is the term equationally Noetherian (see [3]
for a concrete definition). If G is an equationally Noetherian group, the class of limit groups over
G admits a rich and diverse characterisation.
From the group theoretic perspective, limit groups over G are finitely generated fully residually G
groups. From the viewpoint of model theory, they are finitely generated models of the universal
theory of G. In algebraic geometry, they are coordinate groups of irreducible algebraic sets over
G. In universal algebra, limit groups over G are finitely generated subgroups of the ultrapower of
G. Finally, in topological terms, they are limits of G in a compact space of marked groups. See [16]
for a survey of limit groups.
The structure of limit groups over free groups is well understood. Sela characterised them as
groups that have a faithful action on a real tree induced by a sequence of homomorphisms to a free
group. In addition, one can give a hierarchical description in terms of their non-trivial cyclic JSJ-
decomposition. For further reference, see Sela’s original papers [22], [23], [24] or the introductory
notes of Bestvina and Feighn [6].
In [14], M. Casals-Ruiz and I. Kazachkov studied systems of equations over right-angled Artin
groups. In [13], the authors show that limit groups over Droms RAAGs admit a hierarchical
description:
Proposition 2.2 (Analogous to Proposition 2.1 in [9]). Let G be a Droms RAAG. That is,
G  Zn × G′,
where n ∈N ∪ {0},G′ = G1 ∗ · · · ∗Gr and Gi is a Droms RAAG with fewer vertices, i ∈ {1, . . . , r}.
Any limit group over G of height 0 is a Droms RAAG which is a subgroup of G. Let Γ be a limit group over
G of height ≥ 1. Then,
Γ  Zm × Γ′,
where
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• if n = 0, then m = 0; if n > 0, then m ∈N ∪ {0};
• Γ′ is a limit group over G′.
Moreover, there are three options for Γ′. If Γ′ admits a non-trivial free product splitting, then it is the
fundamental group of a finite graph of groups that has a vertex group that is a limit group of height ≤ h− 1
with trivial center. If Γ′ is freely-indecomposable, then it is the fundamental group of a finite graph of groups
that has infinite cyclic edge groups and has a vertex group that is a limit group of height ≤ h− 1 with trivial
center. Moreover, this decomposition may be chosen to be 2-acylindrical. Otherwise, Γ′ is a Droms RAAG.
We now define a class of groups that contains limit groups over Droms RAAGs.
Definition 2.3. Let us define a class of finitely presented groups C in a hierarchical manner. It is
the union of the classes Cn defined as follows.
At level 0 we have the class C0 consisting of groups of the form Z
n × (A ∗ B) where n ∈ N ∪ {0}
and A and B are non-trivial finitely presented groups where at least one of A and B has at least
cardinality 3.
A group Γ lies in Cn if and only if Γ  Z
m × Γ′ where m ∈N ∪ {0} and Γ′ is the fundamental group
of a finite graph of finitely presented groups, where all of the edge groups are cyclic, at least one of
the vertex groups lies in Cn−1 and the action is acylindrical. Suppose thatZ
m′ × Γ′′ is such a vertex
group that lies in Cn−1. Then, if m = 0, m
′ = 0.
Let us check the only properties of limit groups over Droms RAAGs that will be used in the proofs
of the results that we have stated in the introduction (analogous to [9, Section 2C]).
Property 2.4. Limit groups over Droms RAAGs are finitely presented (see [13, Corollary 7.8]).
Property 2.5. Finitely generated subgroups of limit groups over Droms RAAGs are limit groups
over Droms RAAGs (see [13, Theorem 8.1]).
Property 2.6. If Γ is a limit group over a Droms RAAG, it lies in C.
Proof. If Γ  Zn × Γ′ is a limit group over a Droms RAAG of height 0 (see Proposition 2.2) or if
Γ′ admits a non-trivial free decomposition or if Γ′ is a Droms RAAG, it clearly lies in C. If it has
height ≥ 1 and Γ′ is freely-indecomposable, it is an immediate consequence of Proposition 2.2. 
Property 2.7. Limit groups over Droms RAAGs are cyclic subgroup separable.
Proof. Let us first show that if G is a group,Zm ×G is cyclic subgroup separable if and only if G is.
Since G ֒→ Zm × G, if Zm × G is cyclic subgroup separable, then so is G. Now suppose that G is
cyclic subgroup separable and H < Zm ×G is a cyclic subgroup. ThenH  H ∩G × π(H), where π
is the projection map Zm ×G 7→ Zm. The groupH is cyclic, so H∩G < G and π(H) < Zm are cyclic
(or trivial). Let (11, 12) be an element ofZ
m ×G \H. Then, either 11 ∈ Z
m \ π(H) or 12 ∈ G \H ∩G.
In the first case, sinceZm is cyclic subgroup separable, there is a homomorphism f : Zm 7→ Qwith
Q a finite group. Hence, if we compose the projection map πwith f we obtain what we want. The
second case is symmetric.
Let G be a Droms RAAG and Γ be a limit group over G. Let us prove it by induction on the level
in the hierarchy where G first appears (see Definition 2.1). If the level equals 0, G is Z, so Γ is free
abelian and so it is cyclic subgroup separable and quasi-potent. Now assume that limit groups
over Droms RAAGs of level n − 1 are cyclic subgroup separable and quasi-potent. Let G be a
Droms RAAG of level n. By the discussion above, we can assume that G is the free product of
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Droms RAAGs Gi of level at most n − 1. It follows from [21, 15] that a limit group over G is a
finitely generated subgroup of an ICE group, where ICE is the smallest class of groups containing
all finitely generated free products of limit groups over Gi and is closed under extensions of
centralisers of hyperbolic elements (thus, extensions of cyclic subgroups). Hence, it is enough to
show that ICE groups are cyclic subgroup separable.
In [12, Theorem 3.6] it is proved that ifA and B are quasi-potent and cyclic subgroup separable and
C is a virtually cyclic common subgroup, then A ∗C B is cyclic subgroup separable. By using these
results, it is routine to check by induction that ICE groups are indeed cyclic subgroup separable. 
Property 2.8. Let Γ be a Droms RAAG with trivial center and let S be a subgroup of Γ such that
H1(S;Q) is finite dimensional. Then S is finitely generated (and hence a limit group over a Droms
RAAG).
Proof. In order to prove this statement, we follow the same procedure as in [7, Theorem 2]. As
limit groups over Droms RAAGs with trivial center satisfy [7, Lemma 1.1] and [7, Lemma 1.2], it
suffices to check [7, Lemma 4.1] in the case of limit groups over Droms RAAGs. That is, it suffices
to check that if Γ has trivial center and it is residually a Droms RAAG and S < Γ is a non-cyclic
subgroup, then H1(S;Q) has dimension at least 2.
Indeed, if S is abelian the result is obvious. If not, there are two elements s, t ∈ S such that
[s, t] , 1 in S (they do not commute). Since Γ is residually a Droms RAAG, there is φ : Γ 7→ G a
homomorphism with G a Droms RAAG such that [φ(s), φ(t)] , 1. Then, 〈φ(s), φ(t)〉 is a free group
(see [2, Theorem1.2]). Thus Smaps onto a non-abelian Droms RAAGand hence onto a free abelian
group of rank at least 2. 
Property 2.9. Limit groups over Droms RAAGs are of type F∞. This follows from [13, Corollary
9.5].
Let us fix the notation that is used throughout the paper: S is a subgroup of the direct product
of limit groups over Droms RAAGs Γi, Li is the intersection S ∩ Γi and pi is the projection map
Γ1 × · · · × Γn 7→ Γi.
3. From Theorem 1.3 to Theorem 1.1
The goal of this section is to check that Theorem 1.1 follows from Theorem 1.3.
Proposition 3.1. If Theorem 1.1 holds under the below assumptions (1)–(5), Theorem 1.1 holds in general:
(1) n ≥ 2.
(2) Each projection map pi : S 7→ Γi is surjective.
(3) Each intersection Li = S ∩ Γi is non-trivial.
(4) Each Γi has trivial center.
(5) Each Γi splits as a HNN extension over an infinite cyclic subgroup Ci or the trivial group with stable
letter ti ∈ Li.
Proof. (1) If n = 1, S < Γ1 has type FP1(Q), so it is finitely generated. Therefore, it is a limit group
over a Droms RAAG.
(2) Since S has type FPn(Q) for some n ≥ 2, S is in particular finitely generated. Hence, pi(S) is also
finitely generated; in particular, it is a limit group over a Droms RAAG. Therefore, we can replace
each Γi by pi(S).
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(3) Assume that there is a Li, say Ln, which is trivial. Then, the projectionmap qn : S 7→ Γ1×· · ·×Γn−1
is injective, so
S  qn(S) < Γ1 × · · · × Γn−1.
After iterating this argument, we may assume that each Li is non-trivial.
(4) Assume that Γi  Z
mi × Γi
′ for mi ∈ N ∪ {0} and Γ
′
i
is a limit group over a Droms RAAG with
trivial center, i ∈ {1, . . . , n}. Then,
Γ1 × · · · × Γn  Z
m1+···+mn × (Γ1
′ × · · · × Γn
′).
Then, S is isomorphic to S ∩ (Γ1
′ × · · · × Γn
′) × π(S), where π denotes the projection map
Γ1 × · · · × Γn 7→ Z
m1+···+mn .
But then S ∩ (Γ1
′ × · · · × Γn
′) is of type FPn(Q). Since π(S) is a limit group over a Droms RAAG, if
Theorem 1.1 holds in the case where all the Γi have trivial center, then S is virtually a direct product
of limit groups over Droms RAAGs.
(5) The subgroup Li of Γi is normal by (2) and non-trivial by (3). If we denote by T the Bass-Serre
tree corresponding to the splitting described in Proposition 2.2, by [8, Corollary 2.2] Li contains a
hyperbolic isometry. Then, by [8, Theorem 3.1], there is Λi a finite index subgroup in Γi such that
Λi is a HNN extension with stable letter ti and with trivial or cyclic edge stabilizer.
We can replace each Γi by the subgroup of finite index Λi and S by T = S ∩ (Λ1 × · · · × Λn). Then,
T has finite index in S, so it suffices to check that T is virtually the direct product of limit groups
over Droms RAAGs. 
Finally, assume that Theorem 1.3 holds and let us prove Theorem 1.1. Assume that the group S is
as in Theorem 1.1 with the additional assumptions of Proposition 3.1. By Theorem 1.3, S has finite
index in Γ1 × · · · × Γn or S has infinite index and there is a subgroup S0 < S of finite index in S such
that H j(S0;Q) has infinite dimension for some j ∈ {0, . . . , n}. In particular, S0 is not of type FP j(Q),
and since S0 has finite index in S, this implies that S is not of type FP j(Q). Thus, S is not of type
FPn(Q).
4. Organization of the proof of Theorem 1.3
We have shown in the previous section that Theorem 1.1 follows from Theorem 1.3. Therefore, we
now focus on proving Theorem 1.3. The proof extends from Section 5 to Section 8.
In Section 5 we check the following generalisation of the result that non-trivial, finitely generated
normal subgroups in free products have finite index.
Theorem 4.1. Let Γ be a group in C with trivial center and 1 , N < G < Γ with N normal in Γ and G
finitely generated. Then |Γ : G| < ∞.
Using this result and the HNN decomposition for limit groups over Droms RAAGs explained in
Proposition 3.1, we deduce the following useful fact (see Section 6):
Theorem 4.2. Let Γ1, . . . , Γn be limit groups over Droms RAAGs with the properties of Proposition 3.1.
Suppose that H2(S1;Q) is finite dimensional for all finite index subgroups S1 < S. Then, Γ j/L j is virtually
nilpotent.
We also state some properties of virtually nilpotent groups in Section 6 that will be used in the
proof of Theorem 1.3.
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In Section 7 we show that there is a subgroup N0 in Γ1 × · · · × Γn with infinite dimensional k-th
homology for some k ∈ {0, . . . , n}. More precisely, we prove the following:
Theorem 4.3. Let Γ1, . . . , Γn be limit groups over Droms RAAGs with trivial center, and N the kernel of
an epimorphism Γ1 × · · · Γn 7→ Z. Then, there is a subgroup of finite index N0 ⊆ N such that at least one of
the homology groups Hk(N0;Q) has infinite dimension.
Finally, Section 8 is devoted to the proof of Theorem 1.3.
5. Proof of Theorem 4.1
In this section we prove Theorem 4.1.
Proposition 5.1. Let Γ ∈ C be with trivial center, and let C,G be subgroups of Γ with C cyclic and G
finitely generated. If |G\Γ/C| < ∞, then |Γ : G| < ∞.
Proof. Let us prove it by induction on the level l = l(Γ) in the hierarchy of C = ∪nCn where Γ first
appears.
If l = 0, Γ is a free product, so it has a non-trivial, 1-acylindrical, cocompact action on a tree T with
trivial edge stabilizers. If l > 0, Γ has a non-trivial, acylindrical, cocompact action on a tree T with
infinite cyclic edge stabilizers and the stabilizer of some vertex w is in Cn−1.
Let c be a generator of the cyclic subgroup C. We distinguish two cases depending on whether c is
elliptic or hyperbolic.
Suppose that c is elliptic and that it fixes a vertex t of T. Let us prove that X = G\T is finite,
following the same proof as in [9, Proposition 5.2].
First, we show that X has finite diameter. Since |G\Γ/C| is finite, there are γ1, . . . , γn ∈ Γ such that
Γ = Gγ1C∪˙ · · · ∪˙GγnC.
Since c ·t = t, the Γ-orbit of t consits of finitelymanyG-orbits, namelyG(γi ·t), i ∈ {1, . . . , n}. Since the
action of Γ on T is cocompact, there is m > 0 such that T is the m-neighbourhood of Γt. Therefore,
X has finite diameter.
Second, π1(X) has finite rank. Indeed, G is the fundamental group of X, so there is a retract
r : G 7→ π1(X). Thus, r(G) = π1(X) is finitely generated.
Third, X has finitely many valency 1 vertices. Suppose that there are infinitely many valency 1
vertices. If v = Gv is a vertex with valency 1 where v is a vertex in T and u = Gu is the unique
edge in X incident at v (u is an edge in T incident at v), then Gu = Gv, where Gu and Gv denote
the stabilizers of u and v in G, respectively. Otherwise, Gwould not be finitely generated. Since G
acts by isometries in T and u = Gu has valency 1 in X, Gu acts transitively on the link of u, lk(u).
Then, since we can assume that the stabilizer of the edge u is Ge, |lk(u)| = |Gu : Ge| = 1. This is a
contradiction since T is minimal as a Γ-tree.
In conclusion, X has finite diameter, finite rank and finitely many valency 1 vertices, soX is a finite
graph.
Suppose that l = 0. Then, |G\Γ| = |Γ : G| is finite because the number of edges in X is an upper
bound for that number. If l > 0 there is a vertexw such that its stabilizer, Γw, is inCl−1. Recall that by
the definition of the class C, Γw does not have center. The number |(G∩ Γw)\Γw/Γe| is finite because
it is bounded above by the number of edges in X incident at Gw that are images of edges γe ∈ Γe.
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So by inductive hypothesis G ∩ Γw has finite index in Γw. Define the action α : Γw × G\Γ 7→ G\Γ
such that
α((x,Gγ)) = G(γx).
Then,
G\Γ =
⋃˙
γ∈G\Γ/Γw
Orbit(Gγ).
Note that |G\Γ/Γw| < ∞ because it is bounded above by the number of edges in X. Moreover,
by the orbit-stabilizer theorem, Orbit(Gγ) is in bijection with Γw/(γ
−1Gγ ∩ Γw) which is finite. In
conclusion, G\Γ is finite.
The argument for the case when c acts hyperbolically on T is the same as in [9, Proposition 5.2]. 
Finally we are able to prove Theorem 4.1.
Proof of Theorem 4.1. Let Γ ∈ C with trivial center. Then, Γ acts non-trivially, acylindrically, cocom-
pactly and minimally on a tree T with trivial or cyclic edge stabilizers. By [9, Lemma 5.1], G\T
is finite. If the edge stabilizers are trivial, this implies that |Γ : G| is finite because the number of
edges in G\T is an upper bound for that number.
If the edge stabilizers are cyclic, |G\Γ/Γe| is finite for the stabilizer Γe of any edge e in T because of
the same reason. By the previous proposition, |Γ : G| is finite. 
6. Proof of Theorem 4.2 and nilpotent quotients
From now on, we shall restrict to the conditions of Theorem 1.1 with the additional assumptions
of Proposition 3.1. That is, each projection map pi : S 7→ Γi is surjective, each Γi has trivial center
and each Γi splits as a HNN extension over an infinite cyclic subgroup (or the trivial group) with
stable letter ti ∈ Li.
The goal of this section is to prove that Γi/Li is virtually nilpotent. For that, we sketch the proof
of Bridson, Howie, Miller and Short in [9] and we stress the properties of limit groups over free
groups that are used in the argument. Those properties also hold for limit groups over Droms
RAAGs under the above conditions, so the proof may be used also in our case.
We introduce the following notation. We write Ki for the kernel of the i-th projection map pi and
Ni, j for the image of Ki under the j-th projection map p j. That is,
Ki = {(s1, . . . , si−1, 1, si+1, . . . , sn) ∈ S},
Ni, j = {s j ∈ Γ j | (∗, . . . , ∗, 1, ∗, . . . , ∗, s j, ∗, . . . , ∗) ∈ S}.
Note that Ni, j is a normal subgroup in Γ j because p j is surjective.
Lemma 6.1. [9, Lemma 6.1] [N1, j,N2, j, . . . ,N j−1, j,N j+1, j, . . . ,Nn, j] ⊆ L j.
Let Γi = Bi∗Ci be the HNN splitting of Γi with stable letter ti ∈ Li and Ci an infinite cyclic subgroup
(or the trivial group). Let us consider, for i , j, the groupAi, j = p j(pi
−1(Ci)). SinceNi, j = p j(pi
−1({1})),
Ni, j < Ai, j < Γ j. The strategy is to show thatNi, j has finite index in Γ j. This is achieved in two steps.
We give the flavour of the proof below:
(a) If H2(S;Q) is finite dimensional, Ai, j has finite index in Γ j and Ai, j/Ni, j is cyclic (see [9, Lemma
6.2]).
By using the HNN splitting of Γ j, we obtain a decomposition of S as a HNN extension. An
argument using the Mayer-Vietoris sequence for HNN extensions implies that H1(Ai, j;Q) is finite
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dimensional. Therefore, by Property 2.8, Ai, j is finitely generated. The subgroup Ai, j contains the
non-trivial normal subgroup L j, so Theorem 4.1 implies that Ai, j has finite index in Γ j.
(b) IfH2(S1;Q) is finite dimensional for each subgroup S1 of finite index in S,Ni, j has actually finite
index in Γ j ([9, Proposition 6.3]).
This step is checked with homological arguments. The only property used of limit groups over
free groups is the splitting of Γi as a HNN extension. Assuming that Γ j/Ni, j is virtually cyclic, it
is shown that there is S1 < S a finite index subgroup such that H2(S1;Q) is infinite dimensional,
which is a contradiction.
With all these properties, it is easy to prove Theorem 4.2.
Proof of Theorem 4.2. LetG be a group, L a normal subgroup in G andN1, . . . ,Nn normal subgroups
of finite index in G such that [N1, . . . ,Nn] ⊆ L. Then, if we denote N1 ∩ · · · ∩ Nn by N, N has finite
index in G and [N, . . . ,N] is a subgroup in L. Now N is normal in G, and accordingly [NL, . . . ,NL]
is also a subgroup in L. Therefore, NL/L is nilpotent and it has finite index in G/L because N has
finite index in G.
This argument may be applied to our case by the previous results. 
We finally state two results about finitely generated virtually nilpotent groups that will be used in
the proof of Theorem 1.1.
Lemma 6.2. [9, Lemma 8.1] Let G be a finitely generated virtually nilpotent group and let S be a subgroup
of infinite index. Then there exists a subgroup K of finite index in G and an epimorphism f : K 7→ Z such
that (S ∩ K) ⊆ ker ( f ).
Repeated applications of the previous lemma yield the following result.
Corollary 6.3. [9, Corollary 8.2] Let G be a finitely generated, virtually nilpotent group and let S be a
subgroup of G. Then there is a subnormal chain
S0 < S1 < · · · < Sr = G,
where S0 is a subgroup of finite index in S and for each i the quotient group Si+1/Si is either finite or cyclic.
7. Proof of Theorem 4.3
The aim of this section is to check Theorem4.3. Recall that by Property 2.9 limit groups over Droms
RAAGs are of type F∞. Thus the following result can be used in our case:
Proposition 7.1. [9, Proposition 7.1] If Γ1, . . . , Γn are groups of type FPn(Z) and φ : Γ1 × · · · × Γn 7→ Z
has non-trivial restriction to each factor, then H j(ker φ;Z) is finitely generated for j ≤ n − 1.
By using that result, in [9, Theorem 7.2] they check that if Γ1, . . . , Γn are non-abelian limit groups
over free groups and S is the kernel of an epimorphism Γ1 × · · · × Γn 7→ Z such that the restriction
to each of the Γi is an epimorphism, then Hn(S;Q) has infinite dimension.
In the case of limit groups over Droms RAAGs, we have an analogous result. Namely,
Theorem 7.2. Let Γ1, . . . , Γn be limit groups over Droms RAAGs with trivial center and let S be the kernel
of an epimorphism φ : Γ1 × · · · × Γn 7→ Z. If the restriction of φ to each of the Γi is an epimorphism, then
Hn(S;Q) has infinite dimension.
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We sketch the proof, stressing the parts where a property of limit groups is used.
Proof. The proof is by induction on n. If n = 1, the group S = ker φ is a normal subgroup of a limit
group over a Droms RAAG with trivial center. If H1(S;Q) were finite dimensional, S would be
finitely generated by Property 2.8. Then, Swould have finite index in Γ1 (Theorem 4.1) and this is
a contradiction because φ is an epimorphism.
If n > 2, let us consider the LHS spectral sequence for
1 Sn−1 = ker (pn) S Γn 1.
pn
By the preceding proposition H j(S;Q) is finite dimensional for j < n, so in order to check that
Hn(S;Q) is infinite dimensional, it suffices to show thatH1(Γn;Hn−1(Sn−1;Q)) is infinite dimensional.
By using theory of modules over a PID and Shapiro’s Lemma, it can be shown thatH1(Γn;Q) is the
direct sum of two homology groups, say A and B, and that B  H1(Ln;Q). Recall that Ln = S ∩ Γn,
so it is the kernel of the epimorphism φ|Γn . Thus, as it has infinite index in Γn, Ln is infinitely
generated (Theorem 4.1). In conclusion, H1(Ln;Q) is infinite dimensional by Property 2.8. 
Let us end the section by proving Theorem 4.3.
Proof of Theorem 4.3. Suppose that the restriction of φ to some Γi is trivial, for example to Γ1. Then,
φ : Γ2 × · · · × Γn 7→ Z is an epimorphism. Thus, we may assume that the restriction of φ to each
of the factors is non-trivial. Then, φ(Γi) = mZ for some non-zero integer m. We may replace Γi
by ∆i = φ
−1(mZ). Note that ∆i has finite index in Γi and that the restriction of φ to ∆1 × · · · × ∆n
satisfies the conditions of Theorem 7.2. 
8. Proof of Theorem 1.3
Let Γ = Γ1 × · · · × Γn and L = L1 × · · · × Ln. We only need to consider the case when S has infinite
index in Γ. By contradiction, suppose that for all the subgroups S0 of finite index in S and for all
0 ≤ j ≤ n, H j(S0;Q) has finite dimension.
From Theorem 4.2, Γi/Li is virtually nilpotent, for all i ∈ {1, . . . , n}. Then, Γ/L is virtually nilpotent.
By applying Lemma 6.2 to Γ/L, there is a finite index subgroup Λ in Γ containing L and an
epimorphism f : Λ/L 7→ Z such that Λ/L ∩ S/L ⊆ ker f. Let us define 1 to be f ◦ π, where
π : Λ 7→ Λ/L is the projection map. By definition, 1 is an epimorphism and Λ ∩ S is contained in
ker 1.
We replace S by S ∩ Λ. Let pi : Γ 7→ Γi be the i-th projection map. Then, we also replace Γi by
pi(Λ). By using this argument we ensure that L ⊆ S ⊆ N, where N is the kernel of an epimorphism
Λ 7→ Z. By Theorem 4.3, there is a finite index subgroupN0 inN and j ≤ n such thatH j(N0;Q) has
infinite dimension. By Corollary 6.3, there is a subgroup S0 contained in S ∩ N0, which has finite
index in S and a series S0 ⊳ S1 ⊳ · · · ⊳ Sk = N0 with Si+1/Si finite or cyclic for each i.
We now use the following lemma to reach a contradiction.
Lemma 8.1. [9, Lemma 8.3] Let S0 be a normal subgroup in S1 with S1/S0 finite or cyclic. If H j(S0;Q) is
finite dimensional for 0 ≤ j ≤ n, then H j(S1;Q) is finite dimensional for 0 ≤ j ≤ n.
Proof. Let us consider the LHS spectral sequence in homology for the short exact sequence
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1 S0 S1 S1/S0 1.
It is known (see, for instance, [11, Chapter 3, Corollary 10.2] and [11, Chapter 8, Exercise 6.6]) that
S1/S0 has homological dimension 0 if it is finite, and 1 if it is infinite cyclic. Hence, E
2
p,q = 0 for all
p ≥ 2. Therefore, the spectral sequence stabilizes at the E2 page, so
dimH j(S1;Q) = dimH0(S1/S0;H j(S0;Q)) + dimH1(S1/S0;H j−1(S0;Q)).
Finally, S1/S0 is of type FP1, hence both dimensions are finite. 
Coming back to the main proof, by repeatedly applying this lemma, we obtain that H j(N0;Q) has
finite dimension for all j ≤ n, contradicting Theorem 4.3.
9. Proof of Theorem 1.2
In this section we develop the proof of Theorem 1.2. Let us first recall the statement:
Theorem (Theorem 1.2). Let Γ1, . . . , Γn be limit groups over Droms RAAGs. Let S be a finitely generated
subgroup in Γ1 × · · · × Γn and set Li = S ∩ Γi for i ∈ {1, . . . , n}.
If Li is finitely generated for 1 ≤ i ≤ r and not finitely generated for i > r, then there is a subgroup of finite
index S0 < S such that S0 = S1 × S2, where
(1) S1 is the direct product of limit groups over Droms RAAGs,
(2) If n > r, Hk(S2;Q) is infinite dimensional for some k ≤ n − r.
Let us first check that we can assume that the limit groups Γi have trivial center. Assume that for
i ∈ {1, . . . , n}, Γi = Z
mi × Γ′
i
with mi ∈ N ∪ {0} and Γ
′
i
is a limit group over a Droms RAAG with
trivial center. Then,
Γ1 × · · · × Γn = Z
m1+···+mn × (Γ′1 × · · · × Γ
′
n),
S  (S ∩Zm1+···+mn) × π(S),
where π is the projection map Zm1+···+mn × (Γ′
1
× · · · × Γ′n) 7→ Γ
′
1
× · · · × Γ′n.
Since S ∩ Zm1+···+mn is a limit group over a Droms RAAG, it suffices to work with the finitely
generated subgroup π(S) < Γ′
1
× · · · × Γ′n.
Let us check that for i ∈ {1, . . . , n}, S ∩ Γi is finitely generated if and only if π(S) ∩ Γ
′
i
is finitely
generated. In order to distinguish both groups, we denote them by Li
S and Li
π(S), respectively. We
prove it for i = 1.
By definition,
L1
π(S)
= {s ∈ Γ′1 | (sz1, z2, . . . , zn) ∈ S, zi ∈ Z
mi},
π(L1
S) = {s ∈ Γ′1 | (sz1, 1, . . . , 1) ∈ S, z1 ∈ Z
m1}.
We claim that L1
π(S)
= π(L1
S) × A, where A is an abelian group. Let us first check that
L1
π(S)/π(L1
S)  p(S ∩ (Γ1 ×Z
m2 × · · · ×Zmn))/p(S ∩ (Zm1 × · · · ×Zmn)),
where p is the projection homomorphism p : Γ1 × · · · × Γn 7→ Γ2 × · · · × Γn. It is easy to show that the
homomorphism
f : L1
π(S) 7→ p(S ∩ (Γ1 ×Z
m2 × · · · ×Zmn))/p(S ∩ (Zm1 × · · · ×Zmn))
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defined by
f (s) = (z2, . . . , zn)p(S ∩ (Z
m1 × · · · ×Zmn)) if (sz1, z2, . . . , zn) ∈ S,
is well-defined, surjective and ker f = π(L1
S). Therefore, by the First Isomorphism Theorem,
we obtain the desired isomorphism. Note also that the group p(S ∩ (Γ1 × Z
m2 × · · · × Zmn))/
p(S ∩ (Zm1 × · · · ×Zmn)) is an abelian group.
Finally, the elements of π(L1
S) commute with the elements of L1
π(S)/π(L1
S), so it turns out that
L1
π(S)
= π(L1
S) × A, where A is an abelian group. In particular, if L1
S is finitely generated, L1
π(S) is
finitely generated.
On the other way around, if L1
π(S) is finitely generated, π(L1
S) is finitely generated and by taking
into account the short exact sequence
1 L1
S ∩Zm1+···+mn LS
1
π(L1
S) 1,
we have that L1
S is finitely generated if and only if π(L1
S) is.
Thus, we can work with the subgroup S′ = π(S) < Γ′
1
× · · · × Γ′n. As in Proposition 3.1, we can
assume that the projection maps pi : S
′ 7→ Γ′
i
are surjective and that the subgroups LS
′
i
= S′ ∩ Γ′
i
are
non-trivial.
For 1 ≤ i ≤ r, the subgroup LS
′
i
is non-trivial, finitely generated and normal in Γ′
i
, so by Theorem4.1,
it has finite index in Γ′
i
. Let us define pr to be the homomorphism Γ
′
1
× · · · ×Γ′n 7→ Γ
′
1
× · · · ×Γ′r.
Since ∆ = L1
S′ × · · · × Lr
S′ has finite index in Γ′
1
× · · · × Γ′r, the subgroup Sˆ0 = pr
−1(∆) ∩ S′ has finite
index in S′. In addition, Sˆ0 = ∆ × Sˆ2, where
Sˆ2 = S
′ ∩ (Γ′r+1 × · · · × Γ
′
n).
Finally, by Theorem 1.3, Sˆ2 has a finite index subgroup S2 with Hk(S2;Q) infinite dimensional for
some k ≤ n − r, so the same holds for S.
10. Finitely presented residually Droms RAAGs
The goal of this section is to understand finitely presented residually Droms RAAGs. As we dis-
cussed in the beginning, they are precisely coordinate groups over Droms RAAGs and coordinate
groups are just finitely generated subgroups of direct products of limit groups. Thus, we focus in
finitely presented subgroups of direct products of limit groups over Droms RAAGs. This section
is based on the earlier work [8] of Bridson, Howie, Miller and Short.
Let us show Theorem 1.5. We first check that for every finitely generated coordinate group over a
Droms RAAG, there is a neat embedding.
Clearly, there is an embedding S ֒→ Γ0 × · · · × Γn where Γi is a limit group over a Droms RAAG.
Each group Γi is of the formZ
mi × Γ′
i
withmi ∈N∪ {0} and Γ
′
i
is a limit group over a Droms RAAG
with trivial center. Therefore, wemay assume that S is a subgroup of the direct product Γ0×· · ·×Γn
where Γ0 is a free abelian group and Γi is a limit group over a Droms RAAGwith trivial center for
i > 0.
By the basis extension property for free abelian groups, there is a decomposition of Γ0 as a direct
sum M0 ⊕ R0 where L0 = S ∩ Γ0 has finite index in M0. Since the intersection S ∩ R0 is trivial,
the projection homomorphism f : M0 ⊕ R0 × Γ1 × · · · × Γn 7→ M0 × Γ1 × · · · × Γn descends to a
monomorphism f|S : S 7→ f (S). Thus, S is isomorphic to a subgroup of M0 × Γ1 × · · · × Γn and
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we may now assume that L0 has finite index in Γ0. Finally, we may also suppose that S is a full
subdirect product as we did in Proposition 3.1.
We can now prove Theorem 1.5.
Proof of Theorem 1.5. Let us denote each projection map Γ0 × · · · × Γn 7→ Γi × Γ j by pi j, 0 ≤ i < j ≤ n.
The implications (1) =⇒ (2), (2) =⇒ (3) are clear. By the existence of neat embeddings explained
above, (5) =⇒ (4). By [8, Theorem E], (4) implies (1). Thus it suffices to check that (3) implies (5).
Let us argue first that for any i > 0, p0i(S) has finite index in Γ0 × Γi. Since Γ0 is free abelian and the
projection map pi : S 7→ Γi is surjective, p0i(S) is isomorphic to (p0i(S)∩ Γ0) × Γi. The subgroup L0 is
contained in p0i(S) ∩ Γ0, so p0i(S) has finite index in Γ0 × Γi.
Second, let us show that for 1 ≤ i < j ≤ n, pi j(S) has finite index in Γi×Γ j. There is an exact sequence
1 Γ0 Γ0 × · · · × Γn Γ1 × · · · × Γn 1,
q
and this exact sequence descends to another exact sequence for S:
1 L0 S q(S) 1.
Thus, S/L0  q(S) < Γ1 × · · · × Γn.
Let us take S0 a finite index subgroup in S/L0. Then, S0 is of the form S0L0/L0 with S0L0 of finite
index in S. The group L0 is finitely generated and by hypothesis dimH2(S0L0;Q) is finite.
Hence, H2(S0;Q) is finite dimensional for all finite index subgroups S0 in S/L0. By Section 6, Ni, j
has finite index in Γ j. But N j,i ×Ni, j < pi j(S), so pi j(S) has finite index in Γi × Γ j. 
We now want to show Theorem 1.6. By Theorem 1.5, any subgroup of the direct product of limit
groups over Droms RAAGs that contains a finitely presentable full subdirect product is again
finitely presentable. Theorem 1.6 is a generalization of that result.
Proof of Theorem 1.6. The quotient group Γ1/L1 is abelian, so in particular, nilpotent.
Moreover, if S is of type FPn(Q) for n ≥ 2, it is in particular of type FP2(Q). Then, by Theorem 4.2,
Γi/Li is virtually nilpotent for i ∈ {2, . . . , k}. Thus,D/L is virtually nilpotent, whereD = Γ1 × · · · × Γk
and L = (S ∩ Γ1) × · · · × (S ∩ Γk).
By [9, Corollary 8.2], there is a finite index subgroup S0 < S and a subnormal chain
S0 ⊳ S1 ⊳ · · · ⊳ Sl = T,
such that each quotient Si+1/Si is either finite or infinite cyclic.
Since S is of type FPn(Q) and S0 has finite index in S, S0 is also of type FPn(Q). Note that there is a
short exact sequence
1→ S0 → S1 → S1/S0 → 1.
Moreover, S1/S0 is of type FPn(Q) because it is infinite cyclic or a finite group. Therefore, by [19,
Proposition 2.2], S1 is of type FPn(Q). By iterating this argument, we obtain that T is of type
FPn(Q). 
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Finally, we focus on algorithmic problems. Let us start with the multiple conjugacy problem for
finitely presented residually Droms RAAGs.
The multiple conjugacy problem for a finitely generated group G asks if there is an algorithm that,
given an integer l and two l-tuples of elements of G, say x = (x1, . . . , xl) and y = (y1, . . . , yl), can
determine if there exists 1 ∈ G such that 1xi1
−1 = yi in G, for i ∈ {1, . . . , l}.
When solving the multiple conjugacy problem for finitely presented residually free groups (see
[8]), the authors first show a result for bicombable groups. Fundamental groups of compact non-
positively curved spaces are bicombable groups, so in particular, limit groups over Droms RAAGs
(see [13, Corollary 9.5]).
Proposition 10.1. [8, Proposition 7.5] Let Γ be a bicombable group, let H < Γ be a subgroup, and suppose
that there exists a subgroup L < H normal in Γ such that Γ/L is nilpotent. Then H has a solvable multiple
conjugacy problem.
Second, they state a result that relates the decidability of the multiple conjugacy problem for a
finite index subgroup and the whole group:
Lemma 10.2. [8, Lemma 7.2] Suppose G is a group in which roots are unique and H < G is a subgroup of
finite index. If the multiple conjugacy problem for H is solvable, then the multiple conjugacy problem for G
is solvable.
In order to apply this lemma, we need to check that limit groups over Droms RAAGs have unique
roots. Recall that a group G is said to have unique roots if for all x, y ∈ G and n , 0, one has
x = y ⇐⇒ xn = yn. In [18] it is shown that right-angled Artin groups have unique roots.
Hence it suffices to show that if H has unique roots and G is fully residually H, then G has unique
roots:
Lemma 10.3. Let H be a group in which roots are unique and let G be fully residually H. Then G has
unique roots.
Proof. Suppose that there are two element x , y ∈ G such that xn = yn. Since G is fully residually
H, there is a homomorphism φ : G 7→ H such that φ(x) , φ(y). However, φ(x)n = φ(y)n and this
contradicts the fact that H has unique roots. 
Building on the previous results and Theorem 4.2, the proof of Theorem 1.7 is the same as the proof
of [8, Theorem 7.4]:
Theorem (Theorem 1.7). The multiple conjugacy problem is solvable in every finitely presented group
that is residually a Droms RAAG.
Let us focus on themembership problem. LetG be a group andH a subgroup ofG. Themembership
problem is to decide whether an element 1 in G belongs to H.
The membership problem for finitely presented subgroups of finitely presented residually free
groups follows from two key results. The first one is Theorem 4.2 and the second one is Hall’s
Theorem for limit groups over free groups (see [25]) which says that if G is a limit group over a free
group and H is a finitely generated subgroup of G, then H is a virtual retract of G. Wilton’s proof
is based on the fact that limit groups over free groups are finitely generated subgroups of an ICE
(iterated centraliser extensions), where ICE is the smallest class of groups containing all finitely
generated free groups and is closed under extension of centralizers. In the case of limit groups
over Droms RAAGs, the situation is similar as it is explained in Property 2.7. The main theorem
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in [25], Theorem 3.8, is proven by induction using the language of graphs of spaces (one vertex
space is controlled by induction, the other one is a n-torus and the edge space is a cylinder) and so
it applies in our context where the base case, instead of a free group is a free product of subgroup
separable groups. Therefore, from Theorem 3.8 in [25], we conclude that limit groups over Droms
RAAGs also satisfy Hall’s Theorem.
With these two key ingredients, we deduce that the membership problem is solvable for finitely
presented subgroups of finitely presented groups that are residually a Droms RAAG.
Theorem (Theorem 1.8). If G is a finitely presented group that is residually a Droms RAAG (given by a
finite presentation) and H < G is a finitely presentable subgroup (given by a finite generating set of words
in the generators of G), then the membership problem for H is decidable.
Proof. See [8, Theorem 7.6]. 
We conclude the paper with Theorem 1.9 and Theorem 1.10. Let us recall the statements.
Theorem (Theorem 1.9). If G is a finitely generated group that is residually a Droms RAAG and H < G
is a subgroup of type FP∞(Q), then H is a virtual retract of G.
Theorem (Theorem 1.10). If G is a finitely generated group that is residually a Droms RAAG and H is a
finitely presentable subgroup of G then H is separable in G.
These two results are the analogous of [10, Theorem A] and [10, Theorem B].
In [10, Section 2], [10, Theorem A] and [10, Theorem B] are reduced to the case where G is a direct
product of limit groups over free groups and H < G is a subdirect product. In our case, the same
reduction can be applied since finitely generated residually Droms RAAGs embedd as subdirect
products in direct products of limit groups over Droms RAAGs.
It is then shown, in [10, Section 3], that [10, Theorem A] follows from [9, Theorem A]. In our case,
this is analogous to using Theorem 1.1.
Finally, [10, Theorem B] requires [9, Theorem 4.2], which in the case of limit groups over Droms
RAAGs corresponds to Theorem 4.2.
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